We study Anosov diffeomorphisms on surfaces in which some small 'holes' are cut. The points that are mapped into those holes disappear and never return. We assume that the holes are arbitrary open domains with piecewise smooth boundary, and their sizes are small enough. The set of points whose trajectories stay away from holes in the past is a Cantor-like union of unstable fibers. We establish the existence and uniqueness of a conditionally invariant measure on this set, whose conditional distributions on unstable fibers are smooth. This generalizes previous works by Pianigiani, Yorke, and others.
We denote M =M \ H. For any n ≥ 0 we put
i M and M −n = ∩ n i=0T
and also
All these sets are closed,T −1 M + ⊂ M + ,T M − ⊂ M − andT Ω =T −1 Ω = Ω. The set M + (resp., M − ) consists of points whose trajectories stay away from H in the past (the future). The set Ω consists of points whose trajectories never enter H.
In this paper, we study the structure of the sets M ± and Ω and the dynamics of the mapT on these sets. We think of the connected components of H as holes (one can also think of H as an absorbing region). The trajectories that fall into H will no longer be considered -they disappear. So we may call Ω the set of nonwandering points inM .
We denote by T the restriction ofT on M , which means that for any set A ⊂ M and n ≥ 1 we put T n A =T n (A ∩ M −n ) and T −n A =T −n (A ∩ M n ).
1.2.
The concept of a chaotic dynamical system with holes in its phase space and related problems have been formulated by Pianigiani and Yorke in 1979 [11] by way of the following pictorial example.
Imagine a Sinai billiard table (with dispersing boundary), so that the dynamics of the ball are strongly chaotic. Let one or more holes be cut in the table, so that the ball can fall through. In particular, one can place those holes at the corners of the table and make 'pockets'. Let the initial position of the ball be chosen at random with some smooth probability distribution (which may be the equilibrium distribution for the original system, without holes). Denote by p(t) the probability that the ball stays on the table for at least time t and, if it does, by µ(t) its (normalized) distribution in the phase space at time t. Natural questions are: does p(t) converge to zero at some exponential rate, as t → ∞? is there a limit probability distribution µ + = lim t→∞ µ(t); is that limit distribution independent of the initial distribution µ(0)?
These questions still remain open. However, since the pioneering work [11] , a substantial progress has been made in the study of chaotic dynamical systems with holes.
Expanding (noninvertible) maps S with holes have been studied in [11] and later by Collet, Martínez and Schmitt [7] , where the analogues of the above questions have been answered positively. The limit probability distribution µ + was called a conditionally invariant measure [11] . The measure µ + was not invariant under S; it could not be because of the holes. Instead, its image under S was proportional to itself: µ + (S −1 A) = λ + µ + (A) for any Borel set A, with some constant λ + ∈ (0, 1). The constant λ + is called the eigenvalue of µ + [4, 5] . Another constant, γ + = − ln λ + , is known as an escape rate. The paper [7] also constructed a related S-invariant measure η + on the set of nonwandering points Ω for S and established an important escape rate formula, γ + = χ + − h(η + ), where χ + was the sum of positive Lyapunov exponents on Ω and h(η + ) the Kolmogorov-Sinai entropy of η + .
In 1981-86Čencova [3, 4] studied a class of invertible chaotic transformations with holes, namely smooth Smale's horseshoes. She also answered the analogues of the above questions positively. She constructed the invariant measure η + on the set of nonwandering points Ω by pulling the conditionally invariant measure µ + backward in time.
Lopes and Markarian in [9] studied an open billiard system -a particle bouncing off three convex scatterers placed sufficiently far apart on a plane. Here almost every trajectory eventually escapes through the openings between the circles. In [9] , a condi-tionally invariant measure and a related invariant measure were constructed, the latter was shown to be a Gibbs measure, and the above escape rate formula was also proved.
Open billiards and other open Hamiltonian systems have become very popular in physics in the past ten years. They have been studied numerically and heuristically, see the survey [8] and the references therein. This study is known as chaotic scattering theory. Very few results of it, however, are proved mathematically.
In a recent manuscript, Ruelle [13] studied Axiom A diffeomorphisms restricted to a small neighborhood U of a basic set Ω. The leak of mass from U plays the role of escape through holes. Ruelle constructed a related invariant Gibbs measure on Ω, proved the escape rate formula, and defined the entropy production [13] .
Independently of Ruelle, two of us (N.Ch. and R.M.) in [5, 6] studied C 1+α transitive Anosov diffeomorphismsT :M →M with what we called rectangular holes. For an arbitrary finite Markov partition R 1 , . . . , R I ofM we defined H to be the union of the interiors of some rectangles, say, H = int R I+1 ∪ · · · ∪ int R I . Though somewhat special, such Anosov maps with rectangular holes generalize both horseshoes studied in [3, 4] and open billiards of the paper [9] .
In [5] , we assumed an additional 'mixing condition': there is a k 0 ≥ 1 such that (in the notations of 1.1) intR i ∩T k 0 (R j ∩ M −k 0 ) = ∅ for all i, j ≤ I. We proved the existence and uniqueness of a conditionally invariant measure and a related invariant measure, established the escape rate formula, and generalized other results of [7, 4, 9, 13] . In [6] , we relaxed the mixing condition and extended the results of [5] to nonmixing and nonergodic cases.
The subject of this paper is the study of Anosov maps with rather arbitrary open holes, not necessarily rectangles. Our key assumptions are that the holes are small enough, and dimM = 2. While the latter is assumed only to simplify the arguments, the former is essential -for large holes the conditionally invariant measure is obviously not unique. Our main result is the existence and uniqueness of a conditionally invariant measure µ + on M + . We plan to study the invariant measure η + on Ω in a separate paper. y is defined for x, y ∈ W u ). A rectangle R ⊂M is a sufficiently small set such that for any x, y ∈ R we have W u x ∩ W s y ∈ R. We consider only closed connected rectangles. Those are bounded by two stable and two unstable fibers (called stable and unstable sides of R). Segments of local unstable and stable fibers inside R that terminate, respectively, on the stable and unstable sides of R are called R-fibers. They are 'full-size' local fibers in R stretching completely across it. Any subrectangle R ⊂ R whose stable (unstable) sides are on the stable (unstable) sides of R is called a u-subrectangle (s-subrectangle). Any u-subrectangle (s-subrectangle) in R is a union of unstable (resp. stable) R-fibers.
Convention. We say that a measure µ onM is smooth if its conditional measures on local unstable fibers W u ⊂M are absolutely continuous with respect to the Riemannian length, and their densities are Hölder continuous with Hölder exponent α, which is the same as for the class of smoothness of the mapT .
Recall that every transitive Anosov diffeomorphism has a unique Sinai-Bowen-Ruelle (SBR) measure [14, 2, 12] . It is an invariant measure, whose conditional distributions on local unstable fibers are smooth in the above sense. Motivated by this, we will call these conditional distributions u-SBR measures on unstable manifolds. Equivalently, for any local unstable fiber W u its u-SBR measure is a probability measure ν u on W u whose density ρ(x) with respect to the Riemannian length satisfies the equation [1] 
The u-SBR measures areT -invariant, i.e. the image of ν u on W u underT is a u-SBR measure on the fiberT W u . We introduce bounds on distorsions as follows. For any r > 0 we denote by D 1 (r) ≥ 1 the supremum of all ratios ρ(x)/ρ(y) in (1.3) for all x, y ∈ W u on all fibers W u of length r (length always means the Riemannian length). Next, D 2 (r) denotes the supremum of all the Jacobians of holonomy maps h x,y for points x, y ∈ W u,s at distance ≤ r (measured along W u,s ). We put D(r) = max{D 1 (r), D 2 (r)}. One can think of D(r) as a general upper bound on distorsions within the distance r inM . Obviously, D(r) → 1 as r → 0. For linear Anosov maps D(r) ≡ 1.
For any finite Borel measure µ on M we define its norm by ||µ|| = µ(M ). We denote by T * the adjoint operator on the class of Borel measures on M defined by (T * µ)(A) = µ(T −1 (A∩M 1 )) for any A ⊂ M . Due to the holes, the operator T * does not preserve norm. We also denote by T + the (nonlinear) operator on the space of probability measures on M defined by T + µ = T * µ/||T * µ||, whenever ||T * µ|| = 0.
Definition. A measure µ on M is said to be conditionally invariant under T if there is a λ > 0 such that T * µ = λµ. The factor λ is the eigenvalue of µ.
Obviously, any conditionally invariant measure µ is supported on M + , and we have
1.4.
Here we make preliminary assumptions on the holes. The holes (the connected components of H) are domains that satisfy the following regularity condition. There is a constant B 0 > 0 such that for any local unstable fiber W u and any local stable fiber W s that intersect only one hole H ⊂ H the sets W u \ H and W s \ H consist of not more than B 0 smooth components. In particular, if the holes are convex and the curvature of their boundary is greater than that of unstable and stable fibers, then B 0 = 2. Also, if the holes are rectangles bounded by stable and unstable fibers, then again B 0 = 2.
Let N H be the number of holes. We denote by d 0 the minimum distance between the holes, if there is more than one hole, N H > 1. We also assume that d 0 is smaller than a quarter of the length of the shortest closed geodesic onM . In the case N H = 1 this will be the definition of d 0 .
We fix D = D(2d 0 ), which will be the only bound on distorsions that we use. Nonlinearity of the mapT will result in additional factors, all ≤ D, in various estimates.
For certain technical reasons, we will assume that Λ min > 64D 2 . This is not a restrictive assumption, because it can be always fulfilled by taking higher iterates ofT . (The constant D is determined by the stable and unstable fibers inM , so it is the same for all iterates ofT ).
We denote by h the maximal size of holes defined as follows. For any hole H ⊂ H its size is sup
where the diameter is measured along the fibers W u,s
x . We will need h to be small enough compared to d 0 , i.e. h < h 0 (T , d 0 , B 0 ). There will be four specific upper bounds on h assumed in Sections 2 and 3. They are always clearly stated.
1.5. The structure of the paper is as follows. In Section 2 we study the evolution of an arbitrary unstable fiber W u under T . We estimate the fractions of the images of the u-SBR measure on W u that are and are not 'eaten' by the holes. In Section 3 we prove the existence of sufficiently long unstable fibers in M + and study their properties. In Section 4 we define a sequence of approximations of the holes H by unions of rectangles of increasingly fine Markov partitions ofM . Accordingly, we obtain a sequence of conditionally invariant measures, µ (k) + , for those rectangular holes based on the results of [5, 6] . In Sections 5 we prove the existence of the conditionally invariant measures µ + by taking the weak limit points of the sequence of measures µ (k) + . In Section 6 we establish the uniqueness of µ + .
Evolution of u-SBR measures
In this section we study the evolution of unstable fibers and u-SBR measures on them under T . This requires the following assumption on h.
Additional cuts. For certain technical reasons, in this section it will be convenient to limit the length of the unstable fibers in M by 2d 0 . This will be done by subdividing all maximal unstable fibers W u ⊂ M (terminating on ∂H) whose length is > 2d 0 into subfibers of length between d 0 and 2d 0 . This can be accomplished by making a finite number of cuts in M along some local stable fibers. The choice of those stable fibers will not be important, and they will not be actually removed from M . They just determine the way we do the bookkeeping of unstable fibers. Obviously, any long unstable fiber in M will be cut into subfibers that are still longer than d 0 , and we never cut the fibers of length ≤ 2d 0 .
We now consider an unstable fiber W u ⊂ M and a u-SBR measure ν u on it. Its images under the iterates of the map T are cut by holes and our additional cuts. Whenever a smooth component of T n W u is cut into subcomponents, the further images of those under the iterates of T are treated separately. So, for every n ≥ 1 the image 
where
Proof. We fix an ε ∈ (0, C −1 ε, otherwise they are said to be medium. We put 
For any short component W u n,i we have s n,i = 1 and s n,i ≤ 1. The proof of the theorem goes by induction on n. Its validity for the current value of n means that
It is then sufficient to show that, under this assumption, we have
We split each of the two sums in (2.4) into three parts, corresponding to long, medium and short components. Those parts we denote by x n , y n , z n for the top sum and p n , q n , r n for the bottom one, respectively. The two sums in (2.5) are also split into three groups each, corresponding to the images of long, medium and short components of T n W u . (Note the difference in the way we split these sums!) We denote by x n , y n , z n the three parts of the top sum in (2.5) and p n , q n , r n those for the bottom sum, respectively. Note that these quantities depend on ε, but for brevity we suppress this dependence.
It is clear from (2.2) and (2.3) that
Note that all the short components W u n,i lie within
, where ε = (4D) −1 ε. We certainly can assume that (2.4) is true for all ε > 0, in particular for ε . This implies that
Combining the above bounds gives
We now recall that Λ min > 64D 2 and C 1 = 8C 1 . Then we get
In order to complete the proof of the theorem, it is enough to show that .6) i.e. the holes cannot eat up more than 50% of the images of curves W min h(p n + q n + r n ). Assumption H1 implies that
Then (2.6) follows, and the proof of the theorem is completed.
Remark. A time-symmetric version of Theorem 2.1 also holds for the backward iterations of stable fibers, T −n W s , n ≥ 1. A precise statement of that is obvious. (Of course, additional cuts of stable fibers in M along a finite number of local unstable fibers can be done in a completely similar way.)
Remark. We have actually proved more than Theorem 2.1 says. Recall that the proof was done by induction on n: we assumed that the measure ν u n on T n W u satisfied (2.1) and deduced the same inequality for ν u n+1 = T * ν u n . The measure ν u n was supported on a finite union of unstable fibers in M n , on each of which it was proportional to the u-SBR measure, but we never used the fact that those fibers were images of one original fiber W u under T n . Therefore, we have proved the following: Let µ be a finite measure supported on a finite union of unstable fibers in M , such that its conditional distributions on those fibers are proportional to the u-SBR measures. Let the relative µ-measure of the union of ε-neigborhoods of the endpoints of those fibers be ≤ C 1 ε for all ε > 0. Then the same property holds for T * µ.
The estimate on the amount of T n W u eaten up by holes under the action of T obtained in the proof of the above theorem can be greatly improved.
Theorem 2.2
Under the conditions of Theorem 2.1, for every n ≥ 0 we have
Proof. We prove (2.7), which is equivalent to
Every component W u n,i of T n W u has length ≤ 2d 0 due to our additional cuts. Its image underT has length ≤ 2Λ max d 0 . So, it may intersect no more than 2Λ max + 1 holes. The intersection with every hole has length ≤ h onT W u n,i , so that the total length of the subset W ¿From now on, we remove the additional cuts of unstable fibers introduced in this section. In the theorems just proved this will amount to gluing together the components of T n W u that have been artificially cut. Clearly, both theorems will hold after we glue together any components of T n W u .
3 The structure of the sets M + , M − and Ω On every unstable fiber W u , the set of points whose forward images never fall through holes has ν u -measure zero, because the original Anosov diffeomorphismT is ergodic. However, it follows from Theorem 2.1 that every fiber W u of length > d 0 /Λ min contains points whose forward images never escape (belong in M − ), and the set of those points is a Cantor-like set on W u . Furthermore, it follows from Theorem 2.1 that for every n ≥ 1 the set M n contains unstable fibers of length ≥ 2C We say that an unstable fiber W u ⊂ M is eventually long if for some n ≥ 1 its image T n W u contains a component of length ≥ d 0 . Otherwise the fiber W u is said to be forever short. 
is eventually long.
Proof. The curveT W u has length ≥ Λ min d 1 . If it intersects more than one hole, it has a component of length ≥ d 0 already. If it intersects one hole, the intersection consists of curves whose union has diameter ≤ h.
Thus, the maximal length of components of T n W u will grow with n until it necessarily exceeds d 0 , hence the lemma.
Fibers that are forever short may exist, but their influence on our results will be negligible in view of the following lemma.
Lemma 3.3 Let W
u be a fiber of length d > 0 that is forever short, and let ν u be the u-SBR measure on W u . Then for every n ≥ 1 we have
Proof. For every i ≥ 0 the set T i W u consists of short unstable fibers, whose lengths are < d 1 . Any such fiber can intersect just one hole. Therefore, the number of components in T i W u can only increase by a factor of B 0 at every iteration. The set
Under this assumption, Lemma 3.3 shows that the images of any forever short fiber fall through holes at a higher rate than those of eventually long ones, cf. (2.8). Due to this, only fibers that are eventually long will be essential in our study.
We are now going to prove that all sufficiently long unstable and stable fibers contained in M + and M − , respectively, form a sort of connected 'net' in M . The following lemma is a key argument. 
there is a stable fiber W s x ⊂ M − containing x whose endpoints are the distance ≥ d 0 /3 away from x.
Proof. For any δ ∈ (0, d 0 /3] let H s δ be the union of all stable fibers of length δ intersecting the set H. In other words, we 'stretch' each hole by the distance δ in the stable directions. We further enlarge these holes so that if x, y belong in one hole (one connected component of H s δ ) and lie on one local unstable fiber, then the segment of that fiber between x and y is also included in the hole. The union of these stretched and enlarged holes is denoted byĤ s δ . Thus, any local unstable fiber intersects any hole inĤ s δ in at most one interval. The length of that interval does not exceed Dh/ sin φ 0 .
We set δ = d 0 /3. We now consider iterationsT n W u , n ≥ 0, of the given fiber W u , but at the nth iteration we erase all the points ofT n W u that fall into the larger holesĤ s δ rather than H. If, for a point x ∈ W u , none of its forward imagesT n x, n ≥ 0, is erased, then clearly x ∈ W u − . On any fiber W u of length d 2 we erase at most one curve of length < Dh/ sin φ 0 . Then the remaining part of that fiber necessarily contains two disjoint subcurves of length 
Then Lemma 3.4 says that any unstable fiber of length d 2 is crossed by much longer stable fibers in M − . Due to the symmetry, the dual statement is true for any stable fiber of length d 2 . Since the phase space M is compact and connected, we get the following. 
is a subset of Ω, and it makes a (2d 2 )-net in the manifoldM .
So far we have obtained some local properties of the map T on M . The next theorem is the only one in this section requiring a global argument.
Theorem 3.6
If h is small enough (i.e, it satisfies assumption H4 below), then there is a k 1 ≥ 1 such that for every two fibers
Moreover, the endpoints of that smooth component are at least a distance d 0 away from W s .
Proof. First, we enlarge our holes so that if x, y belong in one hole and lie on one local stable or unstable fiber, then the segment of that fiber between x and y lies in the hole, too. Thus, any local fiber intersect any hole in at most one interval.
Let P k (W u , W s ) be the number of points of intersection betweenT k W u and W s . It easily follows from the general theory of Anosov diffeomorphisms that the sequence
(infimum being taken over all fibers of length d 0 ) grows exponentially in k. More precisely, P k (d 0 ) grows asymptotically as e khtop , where h top > 0 is the topological entropy ofT . We then put
We now have to show that at least one point inT 
Markov approximation
To further study the dynamics of T on M we will define a sequence of approximations of the holes H by unions of 'rectangular' holes, H (k) , k ≥ 1. To this end we take a sequencê R (k) of increasingly fine Markov partitions ofM , and define H (k) to be the union the interiors of all rectangles inR (k) that intersect H. Our previous results [5, 6] provide us with conditionally invariant measures µ (k) + for the mapT with holes H (k) . As k → ∞, the 'rectangular' holes H (k) will be arbitrarily close to the original holes H. This enables us to construct the conditionally invariant measure µ + as a weak limit of µ (k) + as k → ∞. LetR = {R 1 , . . . , R I } be an arbitrary Markov partition ofM . We assume that the rectangles R i ∈R are of sufficiently small diameter so that symbolic dynamics are defined [2] . Also, we can assume that every rectangle R i is closed and connected [10] , i.e., every R i is a curvilinear quadrilateral bounded by two unstable and two stable sides.
The union of stable fibers bounding the rectangles R ∈R is invariant underT , while the union of unstable fibers is invariant underT −1 . Therefore, all these fibers lie on the global stable and unstable fibers of a finite number of periodic points, whose union is called the core of the given Markov partition.
We call a generic fiber any stable or unstable fiber inM that is not a part of the global fiber of a core point ofR. There are then only a countable number of nongeneric R-fibers in the rectangles R ∈ R.
For any k ≥ 1 the partitionR
is also Markov and consists of connected rectangles.
We put
is a finite union of Markov rectangles. We put, analogously to (1.1) and (1.2)
+ is a union of some unstable R-fibers in the rectangles
− is a union of some stable R-fibers in the rectangles R ∈ R (k) . The set Ω (k) is a closed Cantor-like set, which has a direct product structure inside every rectangle R ∈ R (k) . We denote by T (k) the mapT restricted to M (k) . A detailed study of Anosov maps with 'rectangular' holes, which are some rectangles of one Markov partition, was performed in [5, 6] . In particular, it was shown that the map T (k) always has a conditionally invariant measure µ + may be not unique. The study in [5, 6] was technically simpler than the one we present here. Yet, the properties of the map T (k) on M (k) greatly depend on the structure of allowed transitions between the rectangles R ∈ R (k) . To describe the above structure, we invoke the language of symbolic dynamics. The Markov partitionR (k) ofM defines a symbolic representation ofT in terms of a subshift of finite type, which is topologically mixing because so isT . This shift restricted to R (k) is also a subshift of finite type. That one need not be topologically mixing or even transitive. It generally consists of several ergodic components, on each of which the subshift either is topologically mixing or cyclically permutes several subcomponents, there may be one-way connections between ergodic components and some nonrecurrent rectangles as well, see [6] . The influence of every ergodic component, E (k) j , on invariant and conditionally invariant measures on Ω (k) is determined by its eigenvalue, λ (k) j ∈ (0, 1) related to the escape rate γ
of its ergodic components. Furthermore, only the ergodic components with the largest eigenvalue λ (k) max (i.e., with the smallest escape rate) determine the conditionally invariant measure µ (k) + [6] . We call them dominating ergodic components. If there is more than one dominating component in the system, their influences on µ (k) + are determined by the structure of one-way connections between them, see [6] for more detail.
The next few lemmas show that if h is small enough, then there exists a unique dominating ergodic component, on which the subshift is topologically mixing.
Lemma 4.1 There is an ergodic component E (k) j
with eigenvalue λ (k) j ≥ λ h (the latter was introduced by (2.7)).
The lemma immediately follows from Theorem 2.2. is definitely ≥ ln Λ min . Now, recall [5, 6] that these quantities satisfy the escape rate formula
Lemma 4.2 Let a rectangle
This immediately leads to a contradiction with Assumption H2. The lemma is proved.
Lemma 4.3 Let a rectangle R 1 ∈ R
(k) contain an eventually long unstable fiber W u ⊂ int R 1 and a rectangle R 2 ∈ R (k) contain an eventually long stable fiber W s ⊂ int R 2 . Then there is an m 0 (R 1 , R 2 ) ≥ 1 such that transitions from R 1 to R 2 are allowed in any number of steps m ≥ m 0 (R 1 , R 2 ). 
Proof. Once the image [T
+ be the operator on probability measures on
where the norm of a measure µ on M (k) is set to be ||µ|| = µ(M (k) ). The next theorem follows from the results of [5, 6] . Theorem 4.5 For all sufficiently large k (k ≥ k 0 (R, d 0 , h)) we have the following: (i) the map T (k) on M (k) has a conditionally invariant probability measure µ
is the u-SBR measure on that fiber; (iii) for any smooth
+ . If µ is a probability measure, then c µ is bounded away from 0 and ∞.
Approximation of the conditionally invariant measure
Here we define the conditionally invariant measure µ + for the map T as a weak limit of the measures µ
+ ≤ · · ·, so that there is a limit
The measures µ
+ are all supported on the compact set M + , hence the sequence of these measures has at least one weak limit point. Let µ + be any weak limit point of this sequence, it will be a probability measure on M + . We will first investigate the properties of any such µ + . In the next section we will show that there cannot be two distinct limit points, so that the sequence µ (k) + weakly converges to µ + . In this section, we denote by µ + an arbitrary weak limit point of the sequence {µ for every sufficiently large n, or it intersects more than one rectangle for every n. In the latter case, T −n W u,(k) + converges, as n → ∞, to the periodic orbit of a core point of the Markov partitionR, so it is not generic. In the former case, the measure µ
is the u-SBR measure on it. Since µ (k)
+ is conditionally invariant, it is also a u-SBR measure on W u,(k) + . Taking the limit as k → ∞ proves the proposition. It also follows from the above proof that if a finite number of generic unstable fibers in M + lie on one global unstable fiber of the original Anosov diffeomorphismT , then the measure µ + conditioned on their union is also a u-SBR measure on that union.
Proposition 5.3
The µ + -measure of the union of nongeneric fibers is zero.
Proof. Since there are countably many nongeneric fibers, it is enough to show that the µ + -measure of every one is zero. If a fiber W u ⊂ M + is nongeneric, then according to the proof of Proposition 5.2 it can be divided into two subsegments on each of which the conditional µ + -measure is u-SBR. The fiber W u belongs to a global unstable fiber, Γ u , of a core periodic point, which is invariant under some iterate ofT , say, underT k . Now, if the set Γ u ∩ M + has positive µ + -measure, the mapT k stretches Γ u by a factor ≥ Λ Combining the last two propositions shows that the measure µ + conditioned on any unstable fiber is a u-SBR measure. Also, we can extend the last proposition showing that any unstable fiber in M + has zero µ + -measure. Our next step is to extend Theorem 2.1 to the measures µ + containing x. Likewise, W u x,+ is the largest segment of the unstable fiber in M + containing x ∈ M + . For any ε > 0 we put U
where the distance is measured along the unstable fiber W u,(k)
x,+ . Removing the superscript (k) in the above formula will define U ε .
Lemma 5.4 For any
is compact (it may be empty for large ε). The same holds for the set M + \ U ε .
be a sequence of points converging to a point x ∈M . Since the mapT is smooth and the holes H (k) are open, it is easy to verify that the segment of the unstable fiber through x of length 2ε centered at x belongs in M (k) + (in other words, its preimages underT −n , n ≥ 0, never cross holes). This proves the lemma. 
+ be an unstable fiber whose endpoints are on two stable fibers bounding some rectangles in R (k) . Let ν u be a u-SBR probability measure supported on W u . It follows from [5] that the measure ν Our last step in this section is to estimate measures of rectangles that are sufficiently long in the stable direction. Denote by B the set of closed rectangles R ⊂M such that (i) every stable R-fiber has length between d 0 and 2d 0 ; (ii) every unstable R-fiber has length ≤ d 0 .
We denote by µ SBR the SBR measure onM . For any rectangle R let d u min (R) and d u max (R) be the minimal and maximal length of unstable R-fibers. General properties of SBR measures imply that
for some constants C , C depending only onT .
Lemma 5.9
There is a constant C 3 > 0 such that for every R ∈ B, every unstable fiber W u ⊂M of length d 0 and every k ≥ k 0 we have
Here ν u is the u-SBR measure on W u , and the constant k 1 appears in Theorem 3.6.
The lemma readily follows from Theorem 3.6 with (C 3 )
max . Combining this lemma with Theorems 5.6 and 5.7 gives the following: Corollary 5.10 There is a constant C 3 > 0 such that for every R ∈ B and every k ≥ k 0 we have µ
There is a constant C 4 > 0 such that for every R ∈ B and every k ≥ k 0 we have µ
. Applying Theorems 5.6 and 5.7 proves the lemma with C 4 = DC 1 /(2C ).
Uniqueness of the conditionally invariant measure
This section is devoted to the following theorem: Theorem 6.1 There is a unique measure µ + on M + with the following properties: (i) µ + is a conditionally invariant probability measure with the eigenvalue λ + ; (ii) the conditional distributions of µ + on unstable fibers in M + are u-SBR measures; (iii) for any ε > 0 we have
Before proving it, we will make some additional constructions. Let µ + be an arbitrary measure satisfying the assumptions of this theorem. Let W s ⊂M be a stable fiber and R a rectangle whose one side is W s . Denote by R + the union of all unstable R-fibers that belong in M + . There are two finite limits then,
Here lim * is taken as the rectangle R shrinks in the unstable direction, so that its stable side opposite to W s approaches W s . The two values, D 1 and D 2 correspond to two possible locations of R, which may be placed on either side of the curve W s (the subscripts, 1 and 2, are assigned arbitrarily). The existence of the limits in (6.1) follows from Propositions 5.2 and 5.3 and Corollary 5.8. Note also that Corollary 5.8 implies that
Convention. In this section, for any rectangle R we will denote by R + the union of unstable R-fibers that belong in M + . Then, for a rectangle denoted by R n or R k,l , for example, we denote by R n,+ and R k,l,+ , respectively, the union of unstable R n -fibers or R k,l -fibers belonging in M + .
Note that, although R is a rectangle, the preimages of R under T −n , after the removal of holes, are no longer rectangles. They are some domains adjacent to the smooth components of T −n W s , where W s is a stable side of the original rectangle R. Since the connected components of T −n R are not rectangles, it would be difficult to compute with them. Instead, we consider R + , which has the following invariance property. For any n ≥ 1 let R n,i , i = 1, 2, . . ., be u-subrectangles inT −n R whose stable sides are the smooth
This property is easy to verify by induction on n. Note that, according to (6.2), the loss of measure incurred by the replacement of R by R + is relatively small as the rectangle R shrinks in the unstable direction.
We call a fiber W s essential for the measure
We will see later, cf. Corollary 6.5, that this is equivalent to µ + (R + ) > 0 for at least one (and then for every sufficiently narrow) rectangle R adjacent to W s . As a result, if a fiber W s contains a piece that is essential, then W s itself is an essential fiber. It follows immediately from Corollary 5.10 and Lemma 5.11 that if a fiber W s has length ≥ d 0 , then it is essential and
We now begin the proof of Theorem 6.1. Assume that there are two distinct measures, µ 1 and µ 2 , on M + satisfying the assumptions of this theorem. For any stable fiber W s ⊂M that is essential for both µ 1 and µ 2 (see also Corollary 6.5 below) and j = 1, 2 there exists a finite positive limit 
The lower bound is obvious since µ 1 and µ 2 are probability measures. The upper bound immediately follows from (6.4).
Proof. Let W s be a stable fiber of length < d 0 , and R a rectangle whose one side is W s . Since both measures µ 1 and µ 2 are conditionally invariant, we have
, 2 and all n ≥ 1. Therefore, and construct rectangles R 2,i adjacent to the smooth components of T −2 W s in the same way, etc. At every iteration n ≥ 1, we hold the obtained rectangles R n,p , p = 1, 2, . . ., which are adjacent to a smooth component of T −n W s of length ≥ d 0 , and map the other (shorter) rectangles further underT −1 . Note that if we map all the eventually held (larger) rectangles R n,p (for all n, p) back on R underT n , then we get a collection of disjoint u-subrectangles in R, which we denote by R j , j ≥ 1. In this way we obtain a finite or countable collection of disjoint u-subrectangles R j ⊂ R, such that for every j there is a n j ≥ 1 for which R j ⊂ M n j and the length of the stable side of the rectangle
Sublemma 6.4 The union ∪ j R j essentially covers the set R ∩ M + , i.e.
for i = 1, 2. In other words, the measure µ i on R + is supported on the u-subrectangles R j that are 'eventually long' in the past.
Proof. In the iterative process of construction of rectangles R j , at every step n ≥ 1 we may have some 'unfortunate' rectangles R n,p ⊂ R, p = 1, 2, . . ., whose preimages T −i R n,p for all i = 1, . . . , n belong in shorter rectangles, i.e., those adjacent to smooth components of T −i W s of length < d 0 . Now, by repeating the main argument of the proof of Lemma 3.3 one can see that for every n ≥ 1 the number of those short rectangles T −n R n,p does not exceed B n 0 . The µ i -measure of every short rectangle T −n R n,p is smaller than const·Λ −n min , because its width in the unstable direction is less than const·Λ −n min . Therefore,
which exponentially approaches zero as n → ∞ due to our Assumption H2. The sublemma is proved. Now, since all the rectangles T −n j R j are long, the decomposition (6.6) completes the proof of Lemma 6.3. Here we made use of a simple fact that
The proof of Sublemma 6.4 justifies the following corollary:
Corollary 6.5 A stable fiber W s is essential to µ + if and only if it is eventually long in the past, i.e. for some n ≥ 1 a smooth component of T −n W s is of length ≥ d 0 . It also follows from (6.7) that for every nonessential fiber W s we have µ i (R + ) = 0 for all adjacent rectangles R and i = 1, 2.
This corollary is an analogue of Lemma 3.3. Since the property of being eventually long in the past does not refer to any measure, a fiber W s in our definition (6.5) is essential either for both µ 1 and µ 2 or for neither.
Then for any δ > 0 we can find a stable fiber W s of length between d 0 and 2d 0 such that
for j = 1 or j = 2. Next, we introduce additional cuts of stable fibers in the same way as we cut unstable fibers in Sect. 2. That is, we fix a finite number of local unstable fibers so that every maximal stable fiber in M (terminating on ∂H) with length > 2d 0 is cut into segments of length between d 0 and 2d 0 . None of the maximal stable fibers of length ≤ 2d 0 should be cut. Now, for any n ≥ 1 the set T −n W s consists of a finite number of stable fibers, say, W Let R be a sufficiently narrow rectangle whose one side is W s . For every q let R n,q be a narrow rectangle such that (i) one side of it is W s n,q and (ii) its opposite side belongs in T −n (∂R). Then T −n R + = ∪ q R n,q,+ (here R n,q,+ is the union of the unstable R n,q -fibers that belong in M + ). Since the measures µ 1 and µ 2 are conditionally invariant with the same eigenvalue, we have
The last inequality is ensured if the rectangle R is thin enough in the unstable direction for the given n, which will be our standing assumption in the proof of this lemma. Then we also have
for every q such that the fiber W s n,q is essential. For nonessential fibers, both measures in (6.11) are zero, cf. Corollary 6.5.
Note that, according to (6.2), µ i (R n,q,+ ) ≥ µ i (R n,q )/2 for i = 1, 2. If for some q 0 the curve W s n,q 0 has length ≥ d 0 , then the assumption (iv) of Theorem 6.1 and (5.2) imply that
for i = 1, 2, where in the last line we have used the bound (6.9). Denote
It is a simple calculation to combine the above estimates (6.10) and (6.11) that gives
Here we used again the simple fact (6.8). Now, applying the bound (6.12) with i = 2 gives
Taking a limit as R shrinks in the unstable direction gives
We now fix an unstable fiber,W u ⊂M of length ≥ d 0 . According to Theorem 3.6 (see also the remark after it), there is a curve W s k 1 ,q 0 intersectingW u whose endpoints are at least a distance d 0 away fromW u . By choosing δ sufficiently small we can make the right hand side of (6.13) with n = k 1 arbitrary close to D * (µ 1 , µ 2 ). We can also switch µ 1 and µ 2 and repeat the above construction. As a result, we get the following sublemma. 
and
. Thus, by choosing δ sufficiently small we can make the difference
arbitrary close to the fixed positive value
We now have two stable fibers, W s 1 and W s 2 , which are long (longer than 2d 0 ), and by sliding one of them along unstable fibers (applying a holonomy map) a distance less than Dd 0 we can cover at least 2D −1 d 0 of the other fiber. We now iterate both fibers backward, and erase the parts of their preimages that fall through holes. Also, whenever a part of the preimage of one fiber is erased, its image under the holonomy map on the preimage of the other fiber is erased, too. It is also convenient to make additional cuts, like in the proof of Lemma 6.6, to ensure that the preimages consist of smooth components of length ≤ 2d 0 . Then, for any n ≥ 1 on the curves T −n W 
n . Therefore, for every n there is a δ n > 0 such that for any δ ≤ δ n we have
for all l ∈ L * n . Equivalently,
for all l ∈ L * n . We represent the left hand side of ( 
n the sets of indices in L * n for which (6.17) and (6.18) hold, respectively. Note that L min . Let R n,l be a rectangle containingR n,l as an s-subrectangle, such that its unstable sides are at distance d u max (R n,l )/100 from those ofR n,l . Now let R 1 and R 2 be two very thin rectangles adjacent to W s 1,n,l and W s 2,n,l as prescribed by the indices j 1 and j 2 , respectively. In particular, R 1 , R 2 ⊂ R n,l . For i = 1, 2 we put R i,++ = R i ∩ R n,l,+ and where the function g(x) → 0 as x → 0 depends onT only. Let γ n = g(2d 0 DΛ −n min ). For large n = n m such that γ n < ∆ 1 and for any l ∈ L (1) nm , the inequality (6.17) can only hold due to the contribution from the sets R i,+ \R i,++ , i = 1, 2, which lie on unstable fibers in M + terminating inside R nm,l . Sublemma 6.8 Let n m be so large that γ nm < ∆ 1 /2. Then for any l ∈ L (1) nm and small ε > 0 (i.e., ε < ε 0 (n m , l)) we have
where C > 0 appears in (5.2).
Proof. Let δ > 0. If the rectangles R 1 and R 2 are thin enough (in the unstable direction), it follows from (6.17) and (6.19) that
Now, without loss of generality we can assume that
Due to (5.2), we have
Let ε = d u max (R 1 ) (this is not a restrictive choice, since R 1 is an arbitrary sufficiently narrow rectangle adjacent to W s 1,n,l ). The set R 1,+ \ R 1,++ is a union of unstable R 1 -fibers that belong in M + . They all have length ≥ d u min (R 1 ) ≥ D −1 ε. Moreover, the continuations of these fibers in M + terminate within our rectangle R nm,l (otherwise those fibers would be in R 1,++ ). We now slide every fiber in this set along the fiber in M + that contains it, down to the endpoint of the latter lying in R nm,l . We then get another fiber, of the same length, which is between ε and D −1 ε, so that the new fiber lies in U ε . By sliding the fiber we may change its measure, but at most by a factor of D (actually, very little since the rectangle R nm,l is also thin in the unstable direction). Therefore, the union of the new fibers has measure ≥ εD −1 C ∆ 1 (1 − δ)/2. Sublemma 6.8 is proved.
Now note that the number of rectangles R nm,l satisfying (6.20) is ≥ N nm /2.
Claim. The number of disjoint rectangles satisfying (6.20) can be made arbitrarily large by increasing n m .
Proof. Assume that the number of disjoint rectangles satisfying (6.20) is uniformly bounded, say ≤ K 0 . For large n m we have card L (1) nm ≥ N n /2 K 0 , so that the rectangles R nm,l , l ∈ L (1) nm , have to form ≤ K 0 clusters, and they necessarily converge to a finite union of some stable curvesW s k ⊂ M , 1 ≤ k ≤ K 0 . For any r ≥ 1 denote byN r the number of smooth components of the set T −r (∪ kW s k ). It follows from the time-symmetric version of Theorem 2.1, cf. a remark after it, thatN r → ∞ as r → ∞. Under our assumptions on the sequence {n m } there is an infinite sequence {r l } such that at leastN r l /2 smooth components of T −r l (∪ kW s k ) must be also curves to which some clusters of rectangles R nm,l , l ∈ L Lastly, note that the conditionally invariant measure µ + for the map T is also such for any iteration T k , k ≥ 2, of the map T , with eigenvalue λ k + . Moreover, it is fairly straighforward that all our arguments apply to any iteration of T . Therefore, the measure µ + is the only conditionally invariant measure for the map T k for every k ≥ 2.
